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BASIC EQUATIONS

Stix sections 2.3.5, 5.2.1

negligible viscosity, perfect conduction, neglect rotation (Q,.; ~ 27 days =~ 10% weqc)
linear perturbations of hydrostatic equilibrium
subsonic velocities v < ¢ ( but chromospheric shocks M = v /¢, = 1.1 — 1.5)

Euler “local” versus Lagrange “material” coordinates Langrangian property change: ¢
[a(t+At)]5; = a7, t)+At ([ ] Z g; %‘i’) i—? = {a(t+AAti —alt) = %—aJr Va
first law of thermodynamics
ideal gas
OFE = ¢, 6T P = (c,—c,) pT P=(y-1)pE v = z—’; ionization: I'y = (%11?11:)
combine

dP _ 7P dp dg dP 7P dp

—1)p— )
i dt+(7 )pdt adiabatic (6¢=0): TR

dq # 0: convection (mixing length), radiation (diffusion approx. = Eddington approx. = NLTE)
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CONSERVATION EQUATIONS
Stix section 5.2
continuity Euler

auss — 0 _, N 5
/apdV %—pﬁ-dE’G: —/V-(pv)dV a—iz—v-(pv):—v-Vp—pV-v

continuity Lagrange

d 1 d Cldp 14V v L dp .
V=0 TV=Tytva Tt G TVVr o g =V
momentum

dv . ov

pE:—VP—i—pg—i—... pat—i—pv Vi=-VP+pg+..

—

Lorentz (V A B) A B/Ax Coriolis 29 A ¢ differential rotation (7- VQ) A @ viscosity uV27

Poisson

Q
I

—Vo V20 = 47 G p O(F) = —G/ P

Energy (adiabatic)
dP _ P dp
dt — p dt
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SMALL CHANGES
Stix section 5.2.1

linear perturbations
P = F+h p = potpi U=

— —

0t+v1 = 11 P <R 1< po

Lagrangian perturbations (S 5.15 with displacement or = £)

- - dor
0P =P +0r-VPF, p=p1+0r-Vpy U:a_tr
continuity (S5.13)
9, . -
%JrV-(pov):O pr+V - (pydr) =0
momentum (S 5.14)
9207 o . .
pOW :POE =—=VPi+pogi+p1go=—VP —p VP + &VPO
Po

U & Cq

Cowling approximation (S5.2.3, 5.29): waves = many radial sign changes =- average out

V20, = 4nGp &, — —G/ ) 4 a0
=
adiabatic energy (S5.10)
h_ o m oF _ op
P K Po Fo 7 Po
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ACOUSTIC WAVES IN HOMOGENEOUS MEDIUM

momentum, continuity, energy equations without gravity or mean-state derivatives
9207 dp1 v Py

=-Vh a—:—POV'M Pr=~y——=p
t Po

with sound speed 2 = vFPy/po Mach M = V/c, idealgas > =~vkT/u~T/u

oz~ © ( Va) =aVh

D%p 0v;

gz = mVog = AV

%01 1 2 Op 2 2

8152 == —%V<CSE> —Csv U1
space-time variable separation

1 82f Cg 2 2f 2 jwt —iwt

P(x,y,z,t)Eg(x,y,z) f(t)j?atg _EVQE jw_kw f:0:>f(t):ate +bte
spatial variable separatlon 9(z,y, 2) = g.(x) g,(y) g:(2)

%9,

Vig+ —=g=0=
9+ 5 9 2

S

+ k:i 9e = 0= g.(z) = a, ehe® 4 b e e gfc,
plane waves

spatial wavenumber k = (ky, ky, k.) || 7 dispersion relation k2 = |k|2 = w?/c
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PLANE WAVE PROPERTIES

waves in homogeneous gaseous medium
ho ;o u (k-7 — wt)
PoyM  poM  cM

= ¢ k| v || 6 longitudinal

wavelength, wavenumber, period, (angular) frequency
fullcycle at kx =21 =2 =\ ky =21/
fullcycleat wt=2r=t="P w=2/P=2rnf

plane wave: same phase across plane with k-7=0s0 Ll kand L @

phase velocity = propagation wave pattern
wave v = (#,0,0): equal phase: k,z —wt = ¢ r=(w/k;)t+c Uphase = W/k = ¢;

group velocity = propagation envelope non-monochromatic wave train L, Ak, ~ 1/2
Gllk + AR) -7 — (w+ Aw)t] _ ik -7 —wt) i(Ak 7= Awt) L, 0w
- group — (9k:

dispersion relation |k|* = k2 + k2 + k2 = w?/c? and diagnostic diagram
shaded: real solutions = propagating waves ®
boundary line: k, = k, = 0, waves only in
smaller k, towards upper left
w axis: k, = 0, waves only in y and/or z
curve: w = /c2k2 + c for constant k + k2 = ¢
long periods: only at large wavelength A\, = 27 /k,
non-shaded: period P too long for k., wavelength )\, too small for ¢,

imaginary solutions kj < 0 or k% < 0: exponential growth/decay in y or z

propagative
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VERTICAL ACOUSTIC WAVES IN ISOTHERMAL ATMOSPHERE

“atmosphere” = gas layer plane-parallel in = and y, stratified by gravity in z
OF P, 2 RT
Vip=0 Vpozpog)i—oz—pog:_Pofy_gE__o H_CS:_

= — k2 = k2 +k2
0z c2 H g g b=y

linearized conservation equations with 7 = (v,,v,) and g = (0,¢)

O VTV, P02 = pr G~ VP, o 5 VR =AY
give inhomogeneous wave ezquations for Py, p1, U
=V~ (1) gV V()
vertical motion v = (0, v,)
% =V, —vg %UZZ try v, = ei(kzz — wi)
W=k +ivygk, kZ:—i;ngiclsm waE;—Cgs

S

v, = 6(79/202)2 ei [ﬂ:(z/cs) W —wi = Wt} _ e2/2[-] ei [j:(z/cs) w? —w? — wt]

properties
amplitude ~ e*/2# ~ \/p,(z) = energy conservation (1/2)pov? up to non-linear regime
w > w, propagating plane wave
w < w, slow perturbation = evanescent wave: whole atmosphere up and down in phase
aperiodic growth or decay with = depending on upper or lower piston
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SLANTED AG WAVES IN ISOTHERMAL ATMOSPHERE 1

Stix section 5.2.4 Hines 1960CaJPh..38.1441H Whitaker 1963ApJ...137..914W

substitute into linearised conservation laws
Py P Uh Uy i(kp-z+k, -z—wt)
_ _ % _ Y 2 complex R, X, Z ky, k,
POP pOR X Z € p 7)7 ) ) s Bhy
separation of vertical-only solution: Sk, = vg/2¢?
Pr pr_vn_vs o2/2H Ji(kpx + k.2 — wt)

1 _ S real ky, k.
PP pR X Z eal fns
polarisation relations )
2 : 7\ 9 _ 2 , 2 . gw
P=quw [kz—z(l—a)c—g} R=w kz+z(7—1)gkh—z§ 2
X=wk 02|:k7 —i(l—’—y)g} Z=w(Ww -k
h S z 2 02 h *s

amplitude & phase
X =|Xx|e? v, = ]/Y\ez/zH el(kn + k2 —wit + ¢) ¢ = arctan(SX/RX)

dispersion relation

2 2 2
w4—w203(ki+k’§)+(v—1)921@3—Vf; =0
S
Wy = % Wg = CE\/V— 1 Wy < W, Since vy < 2 7=5/3 = wg, = 0.98w,

2
(wz—wg)%—w2(ki+k§)+w§ki:0
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SLANTED AG WAVES IN ISOTHERMAL ATMOSPHERE 2

reordered dispersion relations

2 2\ (12 /.2 212 2
s (wp —w?) (w?/cf) + W k] 2 /9 o K 2 2
kh_ ng_wg kz_(wg_w)ﬁ_<wa_w>/cs
1
w2:§[w§+c§k2j:\/(w§+c§k2)2—4c§kﬁw§]

Brunt-Vaisala frequency Schwarzschild convective instability criterion: N2 < 0

2 dar .
Wy = I /y—1 Nay = 9—2(7—1)+% P isothermal w, = Ngy 7 =5/3:w; =0.98w,
Cs s z
with L? = 2 k; and w, ~ w,
1
B= s [ = ) K = (2 = 0?) 0] ™ (o = ) (0 = 1)

propagative

diagnostic diagram
shaded: two w roots per (k;, k) = propagative waves =%%=

w > w, and w > L: acoustic wave

w < wg and w < L: internal gravity wave g “a[ evanescent

evanescent

Cowling: p (pressure) or g (gravity) g
blank: k% < 0: evanescent in z propagative
line w? = 2 k7 = L?: horizontal “Lamb” waves ky,

line w? = (wg/wa)? ¢2 ki gravity-wave cutoff at small &, (not shown)
upper curve: constant k., hyperbolic, w? — w? ~ ¢2k?* for small &,
lower curve: constant k., hyperbolic, w — w® ~ kZ/k; for large
arrows: increasing k.
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SLANTED AG WAVES IN ISOTHERMAL ATMOSPHERE 3

X Stix Fig. 5.12
phase speed 6 = angle between k and k. [ Acoustic (p)
2 w2 2 2 I ]
s W 1 |w? ) 5 2, Ys 2t o
Uphase = 77 = 5 E—i_ i\/(k2 +¢2) —4cZsin Qﬁ : //(,,)/ :
w/wy [ 7 ]
+,/... = pwaves, —,/... = gwaves . /~~" Evanescent | N
p waves. Uphase Z Cs Uphase \l/ forw T L | ,/’/ _ UA
gwaves: 0 < Uphase < (Wg/Wa) Cs Uphase T fOr 6 — /2 Ve Gravity (g)
Uphase = 0 fOr 0 =0, 7 :/
o ||||||||||||||
group velocity 0 ' 2Hk, 2 3
20,2 2
hor G (w? — w3) kn ver AWk,
srouP Ty (2w? — w2 — 2 k?) grouP ) (2w? — w2 — 2 k?)
pure p regime w > w,
W =K Uphase © G Vg & (2 Jw) kny < ¢ Pi, p1, vn, v, in phase

pure g regime k2 > w/cl
dispersion: w? (k}zl/kQ) w2 = sin” 0 w?
non-vertical only (“blob” concept needs horizontal info)

Vg ~ K, vy, ~ —k.  slanted upward waves transport energy downward

evanescent regime
k. imaginary, k;, free P, R imaginary, Z real: P, and v, 90 deg out of phase

non-radial fundamental mode (f) ~ ocean wind wave: w = /g k, index



WAVE TRAPPING

Stein & Leibacher 1974ARA&A..12..407S
10

temperature sensitivities

sound speed: ¢, = \/ \/

acoustic cutoff frequency: w = w, =

’Yg

horizontal acoustic-wave line (Lamb) w = csky w(s")

gravity cutoff line: w = (wg/wa) ¢s ki,

horizontal gravity-wave frequency: w = Npy = Wy R W, i T il .. T

0l 1 10
Ky (M)

wave trapping
refraction at increasing wave speed (wavefront bending)
turn-around where waves become horizontal (node in k)
anti-node reflection at cutoff (infinite phase speed) | > 3
p-mode cavity walls: w, cutoff and Lamb-Iline refraction @ pus /pzs El/p3 Ee & .
g-mode cavity walls: gravity cutoff line and Ngy refraction ’
p12 E3ﬁ)2 E/Em g3 En
2

3 cold
plEz%E 1%2&3 223 E1

. E 23/ g1
example: three temperature regimes 2 warm A

shaded: 2 = cavity p and ¢ modes -

start k, 1dex

1
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SOLAR CAVITIES
Stix Fig. 5.13

p: refractive turnaround at Lamb line
LI1+1) TP

s 2 2 ha
lowest | modes probe deepest

2 _ 252 _
w=ck, =c¢c

g: refractive turnaround at Brunt-Vaisala N2
no g waves in convection zone
interior g modes? lift whole envelope?
atmospheric g waves?

w2-V2 k2 (large 9)

near solar center
Lamb reflection w? ~ 1/r2
wy and Npy ~ g ~ 17 = N? ~ 12
only radial p(l=0) modes reach center

“3MINUTE s
OSCILLATIONS™”

five-minute oscillation (w =~ 0.02 Hz)
upper reflection = w, (here Nac)
interior reflection = Lamb turnaround
(=~ closed/open ends of my flute)
p modes evanescent where detected

)

o~

w

RADIUS (DIST
SCALE)

Corona
T min! (Transition Region)

three-minute oscillation (w ~ 0.035 Hz)
here: cavity from coronal 7" rise L
e ™~ 11

but: 7 rise_too warped . - Leibacher & Stein 1981suas.nasa..263L
reflection/mode conversion at B
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NUMERICAL p-MODE PREDICTION
Ando & Osaki 1975FPASJ...27..581A

(a) Basiec Equations and Boundary Conditions

The basic equations governing nonadiabatic radial pulsations in the radiative
atmosphere were formulated by UNNO (1965), in which the radiative transfer was
treated in the Eddington approximation. UNNO and SPIEGEL (1966) have dem-
onstrated that the Eddington approximation in the radiative heat equation is
very useful in three-dimensional time-dependent problems. We thus utilize this
in the present paper. The basic equations governing nonadiabatic nonradial
oscillations in the radiative atmosphere are then given as

%‘%—i—?-(pv):(), (1)
dv__ 1.5
i pP'P g, (2)
aT T dP
cP’O(dt Fa¢P d:t )'—"'_?fr F: (3)
F=—-%pJ, (4)
3kp

and
dT P dP)

J=2° —_——
47: +4m(dt F"‘P dt ()
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THE SUN IS A SPHERE
Wolff 1972ApJ...177L..87W

1 ———— n
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Fi1c. 1—Radial distribution of kinetic energy (arbitrary units) in spherical shells of unit thick-
ness for two nonradial p-modes of solar oscillation.
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NUMERICAL p-MODE PREDICTION
Ando & Osaki 1975FPASJ...27..581A

We assume as usual that the small perturbation of a physical quantity f is
written as

S(r, 6,0,1) }_f’(’r)
of(r,0,0,t) ) of(r)

where (7,8, ¢) is the spherical polar coordinates, the Eulerian and the Lagrangian
perturbations are denoted by prime (/) and 4, and Y,;™(0,¢) is the spherical
harmonics. We introduce a nondimensional frequency @ and five nondimensional
variables z, p, 0, 7, and 2 defined by

] Ym0, p)et (6)

w*=(R*/GM)s*, ) _
x==0r[r, p=Flogr, 6=6T|T, (7)
j=8JlJ , A=éL. L, ,

where L,=4rx’r®F is the luminosity at radius r and L, is the luminosity at the

surface. By linearizing equations (1)-(5), we then obtain four first-order linear
differential equations and one auxiliary equation :

start index
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POWER RIDGES f—I (aka k—w) DIAGRAM

Stix section 5.2
assume constant temperature gradient with depth d = —=z
dTr

Heo-(8), mo-(E). 3 ()0 moom
. 5 9.9 c? w?
lower reflection occurs at depth d = § where w” = ¢ kj, : d = G -Tg G -1g w2
standing wave has (n+1/2) 7 = /kz dd:w/doldd: 2 Vo = 267
d=s Cs (y—1)g O-=1gk
parabolas w? L

n=5m(n+1/2) (v =1) gk kn=1(1+1)/R}
http://sohowww.nascom.nasa.gov

Stix Fig. 5.16

—

T

3.103

T (n+a)
w

(s]

L

103+

3-10° ol

104 10°
100 150 200 250 300
angular degree, {

|

0 50

L
106 107
w/kp[m/s]

Duvall’'s law with oo = 1.58

index


http://sohowww.nascom.nasa.gov

FIVE-MINUTE OSCILLATION: THEORY

Robert J. Rutten
http://www.staff.science.uu.nl/~ruttelll

Literature

Jorgen Christensen-Dalsgaard: “Stellar Oscillations”, 2003
http://astro.phys.au.dk/~jcd/oscilnotes

Michael Stix: “The Sun”, 2004, second edition, Springer

Rob Rutten: “Fotosferische snelheidsvelden”, 1983

http://www.staff.science.uu.nl/~ruttel0l/Collegedictaat_
Fotosferisch.html

3 Stix Fig. 5.12 : Stix Fig. 5.13
Acoustic (p)
2l 01 g f“
(,)/Q)A ///” 1 [SHZ] ,
Z- Evanescent | N
1 - IN
. pras fwa S T~ dmp T
- Gravity (@) | w0 N | T2 Tl
J/ ‘‘‘‘‘‘‘‘‘
0 AL L 1 15 B Tl R
0 1 ZHkh 2 3 10

Acrobat: title = previous  bottom-left = overview  bottom-right = thumbnails  bibcode = ADS page

start index


http://www.staff.science.uu.nl/~rutte101
http://astro.phys.au.dk/~jcd/oscilnotes
http://www.staff.science.uu.nl/~rutte101/Collegedictaat_Fotosferisch.html
http://www.staff.science.uu.nl/~rutte101/Collegedictaat_Fotosferisch.html

start

FIVE-MINUTE OSCILLATION: THEORY
Robert J. Rutten

Literature
Jorgen Christensen-Dalsgaard: “Stellar Oscilations”, 2003

Michal Stix: “The Su, 2004, second editon, Springer
Flob Rutien: Fotosterischo snalheidsvoldon’, 1983

surg s SiFg 513

reoutc ()
/o v

oo &
ot |

e )

B

i

clckers: o= provious  0p-lft = Overview  [opright = humbnalls  bibcode = ADS page

BASIC EQUATIONS
Stix sections 235, 52.1
negligibl viscosty, periect conduction, neglect rotation (1,

linear perturbations of hydrostati equilbrium
Subsonic velocites - < c. ( but chromospheric shocks

days = 10%ce)

Euler ocar" versus Lagrange “maleria” coordinates  Langrangian property change: §

@ a P Vel pgerg X3
it
a " e ar =Ny Aaba (=) o

CONSERVATION EQUATIONS
Stix section 5.2

contuty Eue

T (o) av

‘continuity Lagrange

d g 14V

Fev = =it va iz A
momentum
i o m VP of
o P R
Lorentz (VA B)A B/ix  Coriolis 20177  diflerential rotaion (7- VM) A7 viscosity 0"
Posson

e v Ld)

Go @

I

Energy (adiabatic)
AP _aPdp

@

SMALL CHANGES
Stix section 5.2.1

linear perturbations
P=RtR p=ptn

Lagrangian perturbations (§5.15 with displacement
OP=P+G-VR

)
n+ 6T

continuity (55.13)

TV = T

momentum (S5.14)
P o

B e A B
W= G = =R i = <V - w4 Bny

Cowing 9): waves = average out

y

G @

adiabatic energy (S5.10)

= neh  mEm  T<o

ACOUSTIC WAVES IN HOMOGENEOUS MEDIUM

momentum, contnuity, energy equalions without gravity or mean-siate derivatives
P

=V

space-time variable separation

. T 3 = 0o J(0) = et
Pless )= alens) 10+ 75 W =0 £() = 0 e

soatl varablo saparaon 4.5 = 5(+) (4 .-
v

05 0.(5) =, € b, ™ e,

plane waves
= o a S E TRy GE TR gy T )

(k) 17

PLANE WAVE PROPERTIES
waves.nhormogenecus aseous medkn

G (-t Qe
Pt " i " el Ll

wesargh, usveumber pedd, aegue bngncy
fullcycle at
fullcycle at vt

s

plane wave: same phaso across plane with £ 7= 050 L F and 17

phase eocty - opageon i ptern
wave = (7.0,0): equal phase: I

(k) t+e

roup oty » proagaton ovolape _ ronmrcchvomalc va £, by 1/2

l(F+ AR 7= (o Au] (R ) .
o = 52
dispersion refation [ = 12 + ind diagnostic diagram
shaded: wa\wlunans pmnaaalmgwam »
boundary fin: k, ‘waves only in

) ovats uppar o

< ais: k. = 0, waves only n y andior =

Curve: w = /2282 + ¢ for constant k3 + £ = ¢
2

non-shaded: period P too longfor &, wmangm 100 smal for
imaginary solutions & < 0 or 2 < 0: exponential growthidecay in y or =

VERTICAL ACOUSTIC WAVES IN ISOTHERMAL ATMOSPHERE
gas layer plane-parallel in = and , statfied by graviy in -
3 R o
" a

V=0 V= pis e g = -n
nearized conservation equations w7 - (1) and
. Pl A
B -nT-T- 7 ni-vn
give inhomogencous wave equatons o 7, i,

V- (=17 5= V()

Vertical moton 7 = (0,;)

roperties
ampliude ~ /2 ~ \/7.15]
propagatng plans wave
e in phase
‘aperiodic growth or decay with - depending on upper or lower piston

nergy conservation (1/2)? up o non-lineas regime

SLANTED AG WAVES IN ISOTHERMAL ATMOSPHERE 1
Stixsecton 524 Hines 1950CaJPh. 361441 Whitaker 196940...137.914W
subsiiute into linearised conservation laws.
A _ o _m_v

] complex PR, X, 2,k k.

RP T wR A
soparaton o vty solatlor: O, = 13/2
M lkyr + i = 1) s

rw R
B

- 1gki-

-1

ampliude & phase
g (/2 gillar + b~ ot 4 6)

6= arctan(3X/RX)

dispersion relation

532 = 0980,

SLANTED AG WAVES IN ISOTHERMAL ATMOSPHERE 2
reordered dispersion relaions
2 ) ) o

Bei-

o dT
29 fsothermal <
T

diagnostic diagram
shaded: Mo roospe (1 ) = Hopagaive vaves
>y and > L: acoustic wave
and. < L internal gravity wave
Cﬂmlmg o) oy (graviy)

arrows: increasing &
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SLANTED AG WAVES IN ISOTHERMAL ATMOSPHERE 3
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SOLAR CAVITIES
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interiorreflection = Lamb turnaround
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NUMERICAL »-MODE PREDICTION
Andlo & Osaki 1975PAS...27..561A

® Busio Boustons and Bouwdsry Conditons

The basic equations governing nonadiabatic pulsations in the radiative
stmasphare were formulated by UNNO (1969 transter was
treated in the Eddington spproximation. UNNO and By, 000 Jave S
onstrated that the Bddington approximation in the

oscillations in the radiative atmosphere are then given as

THE SUN IS A SPHERE
Woll 1972A0...177L.87W

1Rl dsrbuton of Kt cneey (ariray it in phercl el of ant thck.
T b i, s o 0 s

NUMERICAL j"MODE PREDICTION
Ando 8 Osaki 1975PAS...27. 5817

We assume as ususl that the small perturbation of & physical quantity f is

written as
Fir.0.
o) 3)
where (r,0,6) is the spharical polr coordirates, the Eulrian and the Lagrangian
perturbations are denoted by prim 5, and Y"0,9) is the spherical
We introduce & nondimensions frequeney o and five nondimensional

1) )£
1= (TP )

. 32 and 2 defined by
L p-por=0, )y
i (R
Pa——— @ abrir, p=Plogr. 6T @
it §-3010, 3-3LiL.,
erp(4F o FF, @) hare L= i e iminasity 8 rdiv » 12 [ s the lominsy at the
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Duvalls law with o = 155
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