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(non-rotating, non-charged, . . . ) black holes in LQG:

a “toy” black hole

an attempt to explain entropy quantization

These topics are indirectly related.
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Isolated Horizon: Something like a local Killing horizon:

Null surface H ∼= S2 × R.

Foliation of H with corresponding null normal non-expanding,
non-rotating.

Pull-back of connection time independent on H.

=⇒ Quasi-local expression for horizon mass (angular momentum,
charge...)

=⇒ Laws of BH mechanics

=⇒ • KH is IH,

• IH inside/coincides with EH,

• IH + assumptions⇒ ∃ EH.
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Canonical Formulation...

Ai
a(p): SU(2) connection on Σ,

Ea
i (p): (densitized) frame field on Σ.

+ Constraints.

... with IH boundary: Σ has boundary ∆ ∼= S2 with IH boundary
conditions
=⇒ U(1)-Chern Simons boundary term in action/symplectic structure.

The boundary conditions in canonical variables (A, E)

−
2πγ

a0

EIr
I|∆ = dW(≡ d(AIrI)|∆)
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Surface states: |(b1, b2, . . .)〉. bi ∈ Z mod k.

Bulk states: |(j1, m1; j2, m2; . . .)( more )〉. ji ∈ N∗/2,
mi ∈ {−j,−j + 1, . . . , j}.

j-labels←→ area: Aj = 8πγl2P
√

j(j + 1)
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(surface states)
⊗

(bulk states) subject to

2mi = bi mod k and
∑

bi = 0

and bulk constraints. When counting BH states, two ways to count:

b-labels only

b-, m-, and j-labels

This talk: b-labels only.

Lewandowski and Domagala:
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Results so far (Meissner, L&D):

S(A) = ln N(A/8πγl2P) =
γM

γ

A

4l2P
−

1

2
ln

(

A

l2P

)

+ O(A0)

Motivation for what will follow:

some sweeping approximations go into above result. −→ Check!

Combinatorics hard. What if have crazy hypothesis, or want to
change something and see?

All just asymptotics. There is surprising “microstructure” in BH
area spectrum.
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We can expand

√

j(j + 1) = j +
1

2
−

1

4(2j + 1)
−

1

16(2j + 1)3
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so let us do fantasy LQG:

Aj = 8πγl2P
√

j(j + 1) Aj
.
= 8πγl2P

(

j +
1

2

)

This simplifies things tremendously. (And maybe not completely fantasy.)
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Will actually look at slightly more general problem:
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Can we get an explicit formula?
We can get the generating function.



Generating function

G(g, z)
.
=

∞∑

a=0

a∑

j=−a

N(a, j)gazj.



Generating function

G(g, z)
.
=

∞∑

a=0

a∑

j=−a

N(a, j)gazj.

First determine the generating function for sequences of length 1:



Generating function

G(g, z)
.
=

∞∑

a=0

a∑

j=−a

N(a, j)gazj.

First determine the generating function for sequences of length 1:

G1(g, z) = g

∞∑

m=1

(gz)m +
(g

z

)m



Generating function

G(g, z)
.
=

∞∑

a=0

a∑

j=−a

N(a, j)gazj.

First determine the generating function for sequences of length 1:

G1(g, z) = g

∞∑

m=1

(gz)m +
(g

z

)m

= g2

(

1

z − g
+

z

1 − gz

)

.



Generating function

G(g, z)
.
=

∞∑

a=0

a∑

j=−a

N(a, j)gazj.

First determine the generating function for sequences of length 1:

G1(g, z) = g

∞∑

m=1

(gz)m +
(g

z

)m

= g2

(

1

z − g
+

z

1 − gz

)

.

GF for sequences of length 2 is (G1)2 etc. So altogether



Generating function

G(g, z)
.
=

∞∑

a=0

a∑

j=−a

N(a, j)gazj.

First determine the generating function for sequences of length 1:

G1(g, z) = g
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m=1

(gz)m +
(g

z

)m

= g2

(

1
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+

z
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)

.

GF for sequences of length 2 is (G1)2 etc. So altogether

G(g, z) =

∞∑

m=1

(G1(g, z))m =
g2
(

z2 − 2gz + 1
)

(g + 1) (2zg2 − (z2 + z + 1)g + z)
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Heuristics: If

f(x) =

∞∑

n=0

cnxn and R = |Pole of f(x) closest to 0|

expect cn ∝ R−n. For example:
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Expect N(a, 0) ∝ 2a.
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√
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and we already saw that

∑

j

N(a, j) ∼ 2a.
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Conclusions from the toy model

Confirm Domagala, Lewandowski, Meissner on all counts:

The number of states grows exponentially with area.

The number of (un-physical) states with j arbitrary grows with
same rate as that of the physical states (j = 0) to highest order.

The highest order growth of N≤(a) and N(a) is the same.

The next to leading order term in the logarithm of the number of

j = 0-states is −1/2 ln(a).

Furthermore:

Easy to change to related counting problems

Easy to get higher order terms

Altogether: Nice toy model
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Bekenstein: ∆A = 4 ln(k)l2P

Hod: k = 3

LQG: Area spectrum much more complicated,

8πγl2P

∑

p

√

jp(jp + 1)

Dreyer: Can get ∆A = 4 ln(3) as A1 and gauge group SO(3)

Domagala, Meissner, Lewandowski: Actually, no.
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In fact, they find this behavior for both methods of state counting:

∆A = γχl2P, with χ ≈ χCDF = 8.80

What is more, they note that

χ ≈ 8 ln(3)

Something of that form expected from heuristics a la Bekenstein.

Furthermore: Phenomenon contingent on implementing quantum
boundary conditions
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1. Look at the problem in terms of N(I, j):

N(I, j) =

∣

∣

∣

∣

∣

{

(m1, m2, . . .), mi ∈ Z∗/2 :
∑

i

mi = j,
∑

i

√

|mi|(|mi| + 1) ∈ I

}∣
∣

∣

∣

∣

2. View state labels as paths in a certain space

3. Use statistics of steps in these paths to explain pattern.
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Steps and Paths

Space: R+ × Z/2

Step: m ∈ Z∗/2 7−→ s(m) ≡ (
√

|m|(|m| + 1), m)

Path: (m1, m2, . . .) 7−→ ((0, 0), s(m1), s(m1) + s(m2), . . .)

In this way we can associate a path to any of the state labels to be
counted
Physical states←→ paths that end on R+ × {0}
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if we had s(m) = I(m)s0, with I(m) ∈ N, then pattern would be
obvious.

we don’t have that

we have zillions of paths (with may steps each) whose endpoints
cluster in a pattern

use statistics!

maybe we have s(m) = I(m)s0, with I(m) ∈ N on average?



Statistics of steps

Write

a(m) = I(m)∆a + ǫ(m)



Statistics of steps

Write

a(m) = I(m)∆a + ǫ(m)

Assume:

well defined probability distribution on physical n-step paths

individual steps in path ≈ independently distributed (p(m) for the

occurrence of step s(m))



Statistics of steps

Write

a(m) = I(m)∆a + ǫ(m)

Assume:

well defined probability distribution on physical n-step paths

individual steps in path ≈ independently distributed (p(m) for the

occurrence of step s(m))

For path P = (m1, m2, . . . , mn) let

δ(n, P) =

n∑

i=1

ǫ(mi).



Statistics of steps

Write

a(m) = I(m)∆a + ǫ(m)

Assume:

well defined probability distribution on physical n-step paths

individual steps in path ≈ independently distributed (p(m) for the

occurrence of step s(m))

For path P = (m1, m2, . . . , mn) let

δ(n, P) =

n∑

i=1

ǫ(mi).

Then the cental limit theorem says

〈δ(n)〉 ≈ n〈ǫ(m)〉, 〈δ(n)2 − 〈δ(n)〉2〉 ≈ n〈ǫ(m)2 − 〈ǫ(m)〉2〉,
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small variance:
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This furnishes explanation of the clustering if

〈ǫ(m)〉 = 0

small variance:

√

n〈ǫ(m)2〉 << ∆a, or n <<
(∆a)2

〈ǫ(m)2〉 .

How does this work out in practice? Will need

information about probability distributions

educated guess for I(m)
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Probability distributions

Know (M. Domagala and J. Lewandowski): Probability p ′(m) of

finding first step to be s(m) when randomly picking among all
physical paths:

p ′(m) ≈ exp
(

−2πγM

√

|m|(|m| + 1)
)

Need: Probability p(m) of finding first step to be s(m) when randomly
picking among all physical n-step paths.

Assume: p(m) ≈ p ′(m)



Determining I(m)

0 2 4 6 8
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a

j

a(m) =

(

3

2
· 2m + 1

)

∆a + ǫ(m).
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Results

The requirement 〈ǫ(m)〉 = 0 implies

∆a =
〈a(m)〉

3〈m〉 + 1
and ǫ(m) = a(m) − (3m + 1)

〈a(m)〉
3〈m〉 + 1

.

This can be evaluated numerically. We find

∆a ≈ 0.34952, 〈ǫ(m)2〉 ≈ 0.00019156

What does that mean?



Standard deviation for the ǫ(m) is very small compared to ∆a:

∆a
√

〈ǫ(m)2〉
≈ 25



Standard deviation for the ǫ(m) is very small compared to ∆a:

∆a
√

〈ǫ(m)2〉
≈ 25

That means: Pattern may get washed out after ≈ 625(= 252)

steps.



Standard deviation for the ǫ(m) is very small compared to ∆a:

∆a
√

〈ǫ(m)2〉
≈ 25

That means: Pattern may get washed out after ≈ 625(= 252)

steps.

Result for ∆a compares nicely with CDF:

χ ≈ 8.7843, χCDF ≈ 8.80
χCDF − χ

χCDF
≈ 0.00129



We seem to be even closer to the conjectured value:

8 ln(3) ≈ 8.7889,
8 ln(3) − χ

χ
≈ 0.00053.
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Conclusions

Entropy quantization due to “resonance” in area spectrum.

How good is our explanation?

can explain why pattern independent of counting

can explain (somewhat) why implementing boundary condition
matters

does not say wether χ = 8 ln(3)

does not say wether pattern persists for large black holes

Altogether: Mixed bag. Should try analytic approach.
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